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Abstract Due to the appearance and the study of the ornithopter and ﬂexible-wing micro air
vehicles, etc., the time-varying systems become more and more important and ubiquitous in the
study of the mechanics. In this letter, the suﬃcient conditions of the uniform asymptotic stability
are ﬁrst presented for the delayed time-varying linear diﬀerential equations with any time delay
by employing the Dini derivative, Lozinskii measure and the generalized scalar Halanay delayed
diﬀerential inequality. They are especially based on the estimation of the arbitrary solutions but
not the fundamental solution matrix since their solutions’ space is inﬁnite-dimensional. Then some
suﬃcient conditions of the stability, asymptotic stability and uniform asymptotic stability of the
delayed time-varying linear system with a suﬃciently small time delay are reported by employing
Taylor expansion and Dini derivative. It implies that these stabilities can be guaranteed by the
Lozinskii measure of the matrix composing of the time delay and the coeﬃcient matrices of the
system. c© 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1306312]
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In the recent years, the time-varying diﬀerential
equations become more and more important and ubiq-
uitous in the study of the mechanics and mathematics.
In the long history of the mechanics’ development, the
studied objects are generally assumed that only the ex-
terior conditions such as loads, temperatures, electro-
magnetisms and winds, etc., change with time, but the
inner parameters such as center of mass, center of press,
center of aero-dynamics, Reynolds number, geometric
shape, boundary states, and so on, are constants and do
not vary with time in the study domain. But now the
mechanical phenomena with the time-varying inner pa-
rameters become more and more important, and more
attentions are paid to them. On the other hand, the
other background of the time-varying diﬀerential equa-
tions is the birth and development of the time-varying
mechanisms, such as the robots, ﬂapping wing or or-
nithopter micro air vehicles, ﬂexible-wing micro air ve-
hicles, space shuttles and missiles, etc. Their dynam-
ics and control associated with time depend greatly on
the time-varying diﬀerential equations, especially the
time-varying linear diﬀerential equations. Not only the
dynamics and control, but also the bifurcation are asso-
ciated closely with the non-autonomous or time-varying
linear diﬀerential equations.
As well-known, the stability of the zero equilibrium
of the linear ordinary diﬀerential equations (ODEs)
x˙ = Ax (A ∈ Cn×n is constant,x ∈ Rn),
is determined completely by the Jordan canonical form
or eigenvalues of A. But this criterion will not work
if A is time-varying or the ODEs are non-autonomous,
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i.e., A = A(t). Thus, many methods are tried and
found to determine the stability of the time-varying lin-
ear ODEs.1–5 The Lozinskii measure (i.e., the matrix
measure) has been employed to discriminate the stabil-
ity of the non-autonomous linear ODEs.1,2
In the following, the suﬃcient conditions of the
uniform asymptotic stability of the important non-
autonomous linear system with time-varying time de-
lay are obtained by the Lozinskii measure, the general-
ized scalar Halanay delayed diﬀerential inequality and
Dini derivative. The suﬃcient conditions of its various
stability for the suﬃciently small delay are captured
by the Lozinskii measure, Taylor expansion and Dini
derivative. At last, the conclusions and discussions are
presented.
The linear diﬀerential equations are the base of the
stability and bifurcation theory. Thus in this letter, the
property of the solutions and suﬃcient conditions of the
stability of the delayed time-varying linear diﬀerential
equations will be ﬁrst investigated.
The following linear delayed time-varying diﬀeren-
tial equations are considered
x˙(t) = A(t)x(t) +B(t)x(t− τ(t)),
x(s) = ψ(s),
(1)
where A(t) and B(t) are continuous for t ∈ R, τ(t) > 0,
and s ∈ [−τ∗, 0), τ∗ = sup
t∈R
τ(t).
The estimation of the arbitrary solutions but not
the fundamental solutions matrix of system (1) can be
obtained as the following since the latter is inﬁnite-
dimensional for system (1).
Theorem 1 If the Lozinskii measure −μ(A(t))
and matrix norm |B(t)| for t ∈ R are nonnegative,
continuous, and bounded, and further for t ∈ R,
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inf
t∈R
(−μ(A(t))− | B(t) |) = L > 0, then the trivial so-
lution of system (1) is uniformly asymptotically stable,
which is independent of τ , and if ψ ∈ C([−τ∗, 0],R),
an estimation of the arbitrary solution x(t) is
| x(t) | ( sup
s∈[t0−τ∗,t0]
| x(s) |)e−λ(t−t0), (2)
where t  t0 and λ is some positive number.
The author will estimate the upper and lower bound
of solutions of system (1) with small constant delay, i.e.,
τ(t) = τ , respectively by Dini derivative and Taylor ex-
pansion, then the suﬃcient conditions of various stabil-
ities are obtained in this letter, and the iﬀ conditions of
these stabilities can be established in the future work.
Theorem 2 x(t) is the arbitrary solution of sys-
tem (1), if I + τB(t) are non-singular, and τ > 0 is
suﬃciently small, then for all t  t0, the following rela-
tion is satisﬁed
| x(t0) | exp
(∫ t
t0
{ν[A(t) +B(t)(I+ τB(t))−1 ·
(I− τA(t))]} dt
)
| x(t) || x(t0) | ·
exp
(∫ t
t0
{μ[A(t) +B(t)(I+ τB(t))−1 ·
(I− τA(t))]} dt
)
, (3)
where ν(A(t)) = −μ(−A(t)).
From Eq. (3) in Theorem 2, the suﬃcient conditions
of the various stabilities and instability of the time-
varying linear system (1) with small time delay can be
obtained.
Theorem 3 When τ > 0 is suﬃciently small,
(1) for ∀t  t0  0, if the following relationship is
satisﬁed,
lim
t→∞ sup exp
(∫ t
t0
{ν[A(t) +B(t)(I+ τB(t))−1 ·
(I− τA(t))]} dt
)
= ∞, (4)
then system (1) is unstable;
(2) for ∀t  t0  0, if there exists a function k(t0),
and the following relation is satisﬁed,
exp
(∫ t
t0
{μ[A(t) +B(t)(I+ τB(t))−1 ·
(I− τA(t))]} dt
)
 k(t0) < ∞, (5)
then system (1) is stable;
(3) for ∀t  t0  0, if the following is satisﬁed,
lim
t→∞ exp
(∫ t
t0
{μ[A(t) +B(t)(I+ τB(t))−1 ·
(I− τA(t))]} dt
)
= 0, (6)
then system (1) is asymptotically stable;
(4) for ∀t  t0  0, if there exists positive constant
k, and it has
exp
(∫ t
t0
{μ[A(t) +B(t)(I + τB(t))−1 ·
(I − τA(t))]} dt
)
 k < ∞, (7)
then system (1) is uniformlly stable;
(5) for ∀t  t0  0, if there exist positives k and α,
and it has
exp
(∫ t
t0
{μ[A(t) +B(t)(I + τB(t))−1 ·
(I − τA(t))]} dt
)
 ke−α(t−t0), (8)
then system (1) is uniformlly asymptotically stable.
In this letter, the suﬃcient conditions of stability,
asymptotic stability and uniform asymptotic stability
are presented for the coeﬃcient-time-varying linear de-
layed diﬀerential equations. The suﬃcient conditions
for the case with any time delay are obtained by gen-
eralized scalar Halanay delayed diﬀerential inequality,
Dini derivative and Lozinskii measure. The results are
based on the estimation of the solution upper bound,
but the necessary conditions must base on the lower
bound. Since the result on the advanced diﬀerential
equations is very few, the estimation of the solutions’
lower bound is unviable. For the suﬃciently small delay,
the suﬃcient conditions of stability, asymptotic stabil-
ity and uniform asymptotic stability, etc., are obtained
successfully by Taylor expansion, Dini derivative and
Lozinskii measure. Thus, the discrimination of the sta-
bility, asymptotic stability, uniform asymptotic stabil-
ity, etc., can be transformed into the property, such
as Lozinskii measure, of the matrix composing of the
time-varying coeﬃcient matrixes A(t), B(t), and time
delay τ . The theoretical results are validated and agree
well with the numerical simulations. Due to the restric-
tion of the length, the numerical simulations are omitted
here. The results imply that generally the iﬀ conditions,
or criterion of asymptotic stability of the coeﬃcient-
time-varying linear delayed diﬀerential equations simi-
lar to the Routh–Hurwitcz criterion or the real parts cri-
terion of the eigenvalues perhaps does not exist. Maybe
it is natural since the coeﬃcient-time-varying linear de-
layed diﬀerential equations are the generalization of the
ODEs and delayed diﬀerential equations (DDEs).
The problem of discrimination of various stability
of the coeﬃcient-time-varying linear diﬀerential equa-
tions is very interesting, important, and open. As far
as the author knows, there is no good result on it. Even
though there is some, it usually is diﬃcult to be exe-
cuted. That of the coeﬃcient-time-varying linear dif-
ferential equations with time delay is a more diﬃcult
problem. The simpliﬁcation of the obtained results in
this letter to be easily employed is open and our next
work.
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